Deformation of $D_p$-Brane Worldvolume in Weakly Curved Background by Kapoor, Richa
ar
X
iv
:1
91
2.
01
04
5v
1 
 [h
ep
-th
]  
2 D
ec
 20
19
Deformation of Dp-Brane Worldvolume in Weakly Curved Background
Richa Kapoor1
Department of Physics & Astrophysics
University of Delhi, New Delhi 110 007, India
December 4, 2019
Abstract
We study a Dp-brane in a parallelizable NS-NS background. The article starts with a brief
review of the non-associative deformation of D-brane worldvolume in presence of torsion [1]. We
suggest an alternative form and heuristic derivation of the open string metric for weakly curved
backgrounds, by promoting the constant two-form in the flat space formula to a dynamical two-
form and then Taylor expanding the bulk fields in Riemann Normal Coordinates at the origin.
For weakly curved backgrounds, terms only upto the leading order in the NS-NS field strength
or torsion contribute. This formalism differs from the author’s earlier works in a collaboration
[2]. We use the open string metric proposed in this paper to determine the deformation of D5-
brane for a particular NS-NS background. It turns out that a spherical D5-brane with torsion
acts like an extremal black 5-brane in the limit of radius r → 0. This is an interesting case of
gauge/gravity duality with an intractable non-commutative and non-associative gauge theory on
a Dp-brane with torsion, which is equivalent to a simpler and ordinary gravity theory on the
extremal black brane.
1richa.phy@gmail.com
1 Introduction
Since the paper [3] by Seiberg and Witten, there has been an increased interest in the study of
Dp-branes in type II superstring theory with non-vanishing NS-NS B-field. The main feature in
presence of the B-field is that the D-brane worldvolume becomes non-commutative. With T-duality,
the closed string theories treat NS-NS two-form and dilaton on the same footing as the metric. Thus
string theory admits non-geometric backgrounds also as consistent solutions. An important quantity
in the Born-Infeld action is the gauge invariant combination F = B+F . When a Dp-brane is placed
in a background with non-zero B-field, three possibilities arise [1, 3, 4, 5, 6]:
1. F is constant with vanishing Maxwell field strength, F = dA = 0. This case is very well under-
stood and it corresponds to a flat brane in a flat spacetime with constant B-field background.
Here we have a noncommutative and associative Moyal deformation of the brane worldvolume.
2. F is not constant but dF = 0. In this case F(x) = B + F (x) i.e., B is constant hence
dB = 0. Also, dF = d2A = 0 as d2 = 0. This case is an extension of Moyal deformation,
to include varying symplectic two-form F . It leads to the noncommutative and associative
Kontsevich deformation of the brane worldvolume. It corresponds to a curved D-brane in a
flat background.
3. The general case is of a curved D-brane in a curved background of NS-NS three form flux.
Here, torsion H = dF = dB + dF = dB 6= 0. Since F is not closed, so it is not a symplectic
form. The ordinary product of algebra on a Dp-brane is replaced by a noncommutative and
nonassociative Kontsevich star product.
This article deals with the general case, which is briefly reviewed in the section 2 and 3, mainly fol-
lowing the Ref. [1]. In presence of torsion, the coordinates and momenta of the open string endpoints
satisfy mixed commutation relations. This leads to a new type of noncommutative spacetime which is
also nonassociative. For such braneworld scenarios incorporating torsion, two well known techniques
are often used - the sum rule which gives information about the brane torsion terms, and the Taylor
expansion which describes the bulk torsion terms. The background fields are Taylor expanded with
the derivative terms interpreted as new interactions. This enables us to determine the open string
metric G and the deformation θ. Section 4 suggests an alternative heuristic derivation of the open
string metric in a weakly curved background. This form is the author’s independent idea, and is
different from the open string metric given in her earlier works in a collaboration [2]. In Section 5,
we choose a particular B-field solution and use it to compute the emergent geometry on a D5-brane.
It is evident that a flat Dp-brane with torsion pulled back or projected onto its worldvolume, equals
a curved Dp-brane in the curved background.
1
2 Parallelizable manifolds
A parallelizable manifold is the one for which there exists a torsion which makes the manifold flat,
i.e. makes its Riemann curvature tensor vanish. A necessary condition for parallelizability is that
the torsion tensor should be covariantly constant,
∇µHαβν = 0 , (1)
or in other words the torsion must be parallel. Except for the flat spacetimes which are trivially
parallelizable, the curved parallelizable manifolds are generically equipped with torsion. They arise
naturally in most string theories as non-dilatonic NS-NS backgrounds of type II supergravity [7]. Ex-
plicitly, we decompose the asymmetric connection into the Levi Civita connection and the contortion
tensor
Γˆµνα = Γ
µ
να +K
µ
να . (2)
The Christoffel connection is symmetric in 2nd and 3rd indices while the contortion is antisymmetric
between the two. The generalized curvature tensor is expressed as a sum of the Riemann tensor
(which depends only on the metric) and the torsional curvature
Rˆαβµν = Rαβµν +∇µKαβν −∇νKαβµ +KαρµKρβν −KαρνKρβµ . (3)
Here ∇ is the torsion-free covariant derivative. The parallelizability condition is Rˆαβµν = 0. The
generalized Ricci tensor is asymmetric
Rˆβν = Rˆ
α
βαν = Rβν +∇αKαβν −∇νKαβα +KαραKρβν −KαβρKραν . (4)
The scalar curvature in presence of torsion is
Rˆ = R−∇βKαβα −KαβρKραβ . (5)
If the Ricci tensor Rˆβν is vanishing then the manifold is called Ricci-parallelizable. In case of totally
antisymmetric torsion like NS-NS field strength Hµνα, the contortion tensor is equal to the torsion
tensor, Kµνα = Tµνα =
1
2Hµνα. Then the Ricci-parallelizability condition becomes
Rˆβν = 0 = Rβν +
1
2
∇αHαβν − 1
4
HαβρH
ρ
αν . (6)
For this, the symmetric and antisymmetric parts in eq. 6 must vanish, which gives
Rβν =
1
4
HαβρH
ρ
αν
and ∇αHαβν = 0 . (7)
Also the scalar curvature is R =
1
4
HαβρH
αβρ. All parallelizable manifolds are obviously also Ricci-
parallelizable. The supergravity equations of motion for the gµν and Bµν fields are the same as the
Ricci-parallelizability condition 7.
2
3 Dp-branes in Parallelizable NS-NS backgrounds
Consider the propagation of a fundamental open string ending on a Dp-brane in a non-dilatonic
NS-NS background, with the RR fluxes switched off. With the background metric gµν(x) and the
two-form field Bµν(x), the nonlinear sigma model action describing the string propagation is
S =
1
4piα′
∫
Σ
gµν(X) dX
µ ∧ ∗dXν + i
4piα′
∫
Σ
(Bµν(X) + Fµν(X)) dX
µ ∧ dXν , (8)
where Σ is the string worldsheet, xµ are the spacetime coordinates, Xµ(τ, σ) are the string coordinates
and F = dA is the Maxwell field strength.
In this article, we will focus on weak string coupling and hence Σ is assumed to have the topology
of a disk. It is advantageous to use the Riemann normal coordinates (RNC) at the origin xα = 0
for the background fields in action 8. In terms of RNC, the Taylor expansion of a tensor around the
origin xα = 0 is simply given in terms of covariant tensors computed at the origin. Thus upto 2nd
order, the normal coordinate expansions of the bulk fields are [1]
gµν(x) = gµν(0)− 1
3
Rµανβ x
αxβ + ..
and Bµν(x) = Bµν(0) +
1
3
Hµνα x
α +
1
4
∇βHµνα xαxβ + ..
⇒ Hµνα(x) = Hµνα(0) . (9)
Substituting the expansions in 9 into the action 8, it is re-expressed as
S = S0 + S1 + S2 + .. , (10)
in which Sn is n + 2 order in the coordinate field X
µ. Assuming weakly curved background, terms
only upto the leading order in H field contribute, where
S0 =
1
4piα′
gµν
∫
Σ
dXµ ∧ ∗dXν + i
4piα′
∫
Σ
(Bµν + Fµν(X)) dX
µ ∧ dXν
and S1 =
i
12piα′
Hµνα
∫
Σ
Xα dXµ ∧ dXν . (11)
We are mainly interested in studying the effects of S1 which represents a small curved deviation from
the flat background.
In presence of torsion, the symplectic structure
Fµν(x) = Bµν(0) + Fµν(x) (12)
is replaced by the gauge invariant combination
F˜µν(x) = Bµν(x) + Fµν(x) = Fµν(x) + 1
3
Hµνα x
α , (13)
3
Also, the Poisson structure θ = F−1 is replaced by noncommutative parameter θ˜ = F˜−1. Often the
Aµ field is gauged away and one has a simple case of constant symplectic structure Fµν = Bµν(0) or
B
(0)
µν . The worldvolume deformation is now described by a nonassociative Kontsevich star product
expansion [1],
f • g = fg + i
2
θ˜αβ(∂αf)(∂βg)− 1
8
θ˜αµθ˜βν(∂α∂βf)(∂µ∂νg)
− 1
12
θ˜αµ∂µθ˜
βν{(∂α∂βf)(∂νg)− (∂βf)(∂α∂νg)} +O(θ˜3) . (14)
Thus in curved backgrounds, the brane worldvolume is not only deformed through the noncommu-
tative parameter θ˜, but also through a nonassociative parameter
H = dF˜ = dB . (15)
The associator of • product is defined by
(f • g) • h− f • (g • h) = 1
6
θ˜αµθ˜βν θ˜γρHµνρ ∂αf ∂βg ∂γh , (16)
which is non-zero since Hµνρ 6= 0. As derived in the Ref. [1], after taking into account the correc-
tions coming from the nonassociative Kontsevich star product, the effective open string metric G˜ in
presence of NS-NS torsion is related to the flat space open string metric G (in presence of constant
two form background), as follows
G˜αβ = Gαβ − 1
3
θαµGβνHµνρx
ρ +
1
3
GαµθβνHµνρx
ρ . (17)
In terms of the constant two form B
(0)
αβ ,
G˜αβ = Gαβ − 1
3
(B−1(0))
αµGβνHµνρx
ρ +
1
3
Gαµ(B−1(0))
βνHµνρx
ρ . (18)
In the effective open string metric expressions 17 and 18, the algebra is ordinary. The eqn. 18 can
be combined with the flat space formula of Seiberg-Witten metric Gαµ (derived in Ref. [3]), which
connects the open and closed string parameters.
4 A heuristic derivation of open string metric in weakly curved
background
In this section, the author suggests a heuristic approach of obtaining the effective open string metric
in presence of torsion. Consider a Dp-brane in a parallelizable NS-NS background, we promote the
constant two-form in the flat space formula given by Sieberg-Witten to a dynamical two-form.
Gµν = gµν − (2piα′)2B(0)µρ gραB(0)αν
−→ G(H)µν = gµν(x)− (2piα′)2Bµρ(x)gραBαν(x) (19)
4
Assuming weakly curved background, we Taylor expand the bulk fields upto 1st order in coordinates
xα. Using the expressions in eqn. 9,
G(H)µν = gµν − (2piα′)2(B(0)µρ +
1
3
Hµρλ x
λ)gρα(B(0)αν +
1
3
Hανγ x
γ)
= gµν − (2piα′)2B(0)µρ gραB(0)αν − (2piα′)2
1
3
Hµργ x
γgραB(0)αν
− (2piα′)2 1
3
Hανγ x
γgραB(0)µρ
⇒ G(H)µν or G˜µν = Gµν + (2piα′)2
1
3
(HµργB
(0)
να +HναγB
(0)
µρ )x
γgρα . (20)
Eq. 20 approximately describes the metric that the open strings see in presence of torsion, in a
weakly curved parallelizable NS-NS background. Also note that on interchanging indices µ ↔ ν in
20, we get
G˜νµ = Gνµ + (2piα
′)2
1
3
(HνργB
(0)
µα +HµαγB
(0)
νρ )x
γgρα
ρ↔α
= Gνµ + (2piα
′)2
1
3
(HναγB
(0)
µρ +HµργB
(0)
να )x
γgαρ
= G˜µν . (21)
Thus the emergent metric is symmetric. It is to note that the xγ in eq. 20 are cartesian coordinates
in terms of the polar. So for a D5-brane with five spatial coordinates (r, β, ψ, θ, φ),
xt = x0 = t ,
xr = x1 = r cosβ ,
xβ = x2 = r sin β cosψ ,
xψ = x3 = r sin β sinψ cos θ ,
xθ = x4 = r sinβ sinψ sin θ cosφ ,
and xφ = x5 = r sinβ sinψ sin θ sinφ . (22)
5 Deformation of D5-brane in a parallelizable NS-NS background
Consider a D5-brane in a parallelizable NS-NS background with the two-form equation of motion
∇αHαµν = 0
⇒ ∂αHαµν + 1
2
(
gλρ∂α gλρ
)
Hαµν = 0 , (23)
where gλρ is the flat worldvolume metric. Metric signature chosen is “mostly plus”. The D5-brane is
assumed to be a spherical brane. The 5-sphere on which the brane wraps is parametrized by r, β, ψ, θ
and φ. The line element over the D5-brane is given in terms of worldvolume coordinates as follows,
ds2 = −dt2 + dr2 + r
2
κ
(
dβ2 + S2βdψ
2 + S2βS
2
ψdθ
2 + S2βS
2
ψS
2
θdφ
2
)
, (24)
5
where κ = 2piα′, Sβ = sin β, Sψ = sinψ, Sθ = sin θ and Sφ = sinφ . The author found four
exact solutions to eqn. 23 in 6 dimensions for the D5-brane, assuming only one non-zero dynamical
component of B-field for simplicity. There can be other solutions too, but four of them are:
1. Hβψθ =
1√
κ
∂βBψθ = − m
κ3/2
sinβ
sinθ
⇒ Bψθ = m
κ
cosβ
sinθ
(25)
2. Hβθφ =
1√
κ
∂βBθφ = − m
κ3/2
sinθ sinβ
⇒ Bθφ = m
κ
sinθ cosβ (26)
3. Hφβθ =
1√
κ
∂θBφβ =
m
κ3/2
sinθ sinβ
⇒ Bβφ = m
κ
cos θ sin β (27)
4. Hβψφ =
1√
κ
∂βBψθ = − m
κ3/2
sinβ
⇒ Bψφ = m
κ
cosβ (28)
In this section, we choose the solution 27 to compute the emergent metric on the spherical D5-brane.
For that, we also assume the non-zero spatial components of constant B-field to be B
(0)
βr = B
(0)
θr =
l
κ
.
Here l and m are dimensionless constants, and the mass dimensions [κ] = −2, [H] = 2 and [B] = 3.
The equation of motion for 27 expands as follows
∂βH
βµν + ∂θH
θµν +
1
2
(
gλρ∂β gλρ
)
Hβµν +
1
2
(
gλρ∂θ gλρ
)
Hθµν = 0 (29)
One can easily verify that for µ, ν = θ, φ in eq. 29, the β equation is satisfied using the solution 27
and for µ, ν = φ, β, the θ equation is satisfied. Substituting the solution 27 into the effective open
string metric 20 suggested by author, we get the emergent metric on the brane. It is given by
ds˜2 = G˜µνdx
µdxν . (30)
In the expression 30, xµ are the polar coordinates t, r,
√
κβ,
√
κψ,
√
κθ,
√
κφ. The line element on
the curved D5-brane is determined to be
ds˜2 = −dt2 +
{
1 +
κ l2
r2
(
1 +
1
S2βS
2
ψ
)}
dr2 − 2 mlκ
3r
S2θSφ
Sψ
drdβ + 2
mlκ
3r
S2βSψS
2
θSφ drdθ
+2
mlκ
3r
{
SθCψ
S2ψ
− S2βSψS2θCφ
}
drdφ+
(
r2
κ
+ l2
)
κdβ2 + 2 l2κdβdθ + r2S2β dψ
2
+
(
r2
κ
S2βS
2
ψ + l
2
)
κdθ2 + r2S2βS
2
ψS
2
θ dφ
2 . (31)
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This metric appears to be singular at r = 0 but on redefining the coordinate,
u =
√
κ l
r
⇒ dr = −
√
κ l
u2
du (32)
and the mass dimension [u] = 0, the line element becomes
ds˜2(u) = −dt2 + κ l
2
u4
{
1 + u2
(
1 +
1
S2βS
2
ψ
)}
du2 +
2mlκ
3u
S2θSφ
Sψ
du dβ
− 2mlκ
3u
S2βSψS
2
θSφ du dθ −
2mlκ
3u
{
SθCψ
S2ψ
− S2βSψS2θCφ
}
du dφ
+ l2κ
(
1
u2
+ 1
)
dβ2 + 2 l2κdβdθ +
l2κ
u2
S2β dψ
2
+ l2κ
(
1 +
S2βS
2
ψ
u2
)
dθ2 +
l2κ
u2
S2βS
2
ψS
2
θ dφ
2 . (33)
Now at u = ∞, the emergent metric is non-singular. This coordinate singularity implies that there
is an event horizon in the metric 31 and thus the geometry ds˜2(r) is that of a black 5-brane. The
event horizon is located at the radial position where the radial component of the metric becomes
singular, i.e. at
G˜rr =∞
⇒ κ l
2
r2
(
1 +
1
S2βS
2
ψ
)
=∞
⇒ r = 0 . (34)
Since the position of the singularity and the event horizon coincide, thus r = 0 is a “null” singularity
and the emergent geometry is that of an extremal black 5-brane. Thus a spherical D5-brane with
torsion acts like a black 5-brane when its radius r → 0. This is a useful case of gauge/gravity duality
with an intractable non-commutative, non-associative gauge theory on a Dp-brane with torsion that
is equivalent to a tractable, ordinary gravity theory on a black p-brane. The near horizon geometry
is obtained in the large u limit and is non-singular,
ds˜2(u) = − dt2 + κ l
2
u2
(
1 +
1
S2βS
2
ψ
)
du2 + κl2(dβ + dθ)2 +
κl2
u2
dΩ24
+
2mlκ
3u
{
S2θSφ
Sψ
du dβ − S2βSψS2θSφ du dθ −
(
SθCψ
S2ψ
− S2βSψS2θCφ
)
du dφ
}
. (35)
Here, the term in curly bracket with factor m, is the torsion contribution. It appears that with
some other choice of parallelizable NS-NS background, we can obtain familiar geometries with useful
physical interpretations.
7
6 Conclusion
In this paper, I have suggested a possible form of the open string metric in presence of torsion,
assuming a weakly curved background. This form is different from the open string metric given in
my earlier works in a collaboration [2]. We use this metric to compute the emergent geometry over
a spherical D5-brane. It turns out that the brane has a coordinate singularity at r = 0, and it thus
acts like a black 5-brane for radius r → 0. This is a special case of gauge/gravity duality with a
non-commutative, non-associative gauge theory on the D5-brane, which is dual to a simpler gravity
theory with ordinary algebra on the black brane.
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